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Objects composed of lattice defects exist within a one-dimensional tight-binding model whose
electron reflection coefficient in the low-energy case is equal to zero. Localized states are absent
as well. The effective mass concept explains this not as some kind of reflectionless potential but
as homogeneous medium, in which effective object size collapses. Without making effective mass
approximations a new type of resonance is observed, in which the reflection coefficient becomes zero
at a certain energy.
PACS numbers: 03.65.Nk, 71.55.Cn, 71.55.Eq, 72.10Fk
Electron scattering is a useful tool for studying atomic
as well as condensed matter objects. The internal struc-
ture of these objects can manifest itself through various
kinds of resonances. The long-wave-length case of the
effective mass model (EMM) allows treating condensed
matter as continuous medium. In this case all known
resonances of elastic electron scattering have direct op-
tical (or microwave) analogues originating from the in-
terference of waves scattered in extended reflecting sys-
tems: resonant tunneling and Fabri-Perro resonances,
virtual-state resonances in over-barrier electron trans-
mission in semiconductor heterostructures (Ramsauer-
Townsend-like resonances) and resonances in light trans-
mission through thin refracting plates, Fano resonances
both in electron and microwave multimode waveguides.
In this letter we demonstrate the existence of a
new type of electron transmission resonance. We
show that extended microscopic objects can exist in a
one-dimensional lattice model which possess anomalous
transparency in the case of electron scattering - they are
invisible in the low-energy case. These objects are pairs
of defects (hidden defect pairs - HDP) with antisymmet-
ric defect potentials located at unequivalent sites at cer-
tain distances and in a special pattern. The transparency
coefficient of an HDP equals unity without any phase fac-
tors and bound states are absent. This fact sets the de-
scribed objects apart from the well-known reflectionless
potentials. In the continuous case described by EMM
the effective size of an object can essentially differ from
its real microscopic size. Anomalous transparency of an
HDP corresponds to the collapse of effective defect pair
size in the continuous case. The continuous representa-
tion of a separate defect is known to be a delta-function
potential. However an HDP in this case may appear as
a structureless homogeneous medium - as if the two de-
fects cancel each other. Without the use of effective mass
approximation microscopic objects also can be charac-
terised by an effective size which in this case becomes
energy dependent. At a certain energy this size becomes
zero and a resonance of a new type takes place manifest-
ing itself through the absence of electron reflection.
Consider a one-dimensional tight-binding model with
both bond and on-site alternation. Different atoms in the
unit cell are denoted by index j (j = 1, 2). Let two defects
(impurities) be located at sites M1 and M2, occupied in
a host lattice by atoms 1 and 2. The Hamiltonian of the
model is:
Hˆ =
∑
j=1,2 n1, n2
[εj C
†
j nj
Cj nj − C
†
1 n1
(t+C2 n1+1 +
+t−C2 n1−1) + ε
∗
jC
†
Mj
CMj + h.c.]. (1)
Here C†j nj (Cj nj ) is the electron creation (annihilation)
operator at site nj , n1 = 2m, n2 = 2m+1 (m - integer),
ε1,2 are on-site energies of bulk material, while ε
∗
1,2 are
on-site defect energies and t± = t1 ± t2 are alternating
hopping integrals. Hopping integrals for defect atoms
are taken to be the same as in the bulk. The model
(1) describes ∆3(4) hole states originating from atomic
p-orbitals at the Brillouin zone (BZ) center in semicon-
ductors with zinc-blend structure [1, 2] as well as Peierls
insulators with both bond and site alternation (asym-
metric Peierls model). A simplified version of this model
with ε1 = ε2 (symmetric Peierls model) was successfully
used to describe electronic states in polyacetylene (PA)
[3]. The energy spectrum of the model (1) without de-
fects possesses two (lower (L) and upper (U)) branches:
EU,L(k) = ε0 ±
√
δ2 + 4t21 cos
2(ka) + 4t22 sin
2(ka) = ε0 ±
E(k) . Here ε0 =
1
2 (ε1 + ε2 ), δ0 =
1
2 (ε1 − ε2 ) and a - is
the interatomic distance, which we take to be equal for
adjacent bonds. For t2 > t1 the energy band extrema are
at the BZ center. The wave functions for the upper band
are c1,2k U = uk,−vke
−iς1,2(k), where the phase factors
ς1,2(k) are related to each other by the expression
ς2 (k)− ς1 (k) = ϑ(k), ϑ(k) = arctan (θ tan(ka)) , (2)
with θ = t2/t1. Coefficients u and v have the standard
form of canonical transformation coefficients: uk, vk =
[(1/2)(1± δ/E(k))]
1
2 [4]. For the lower band the solution
is obtained by reversal: u→ −v, v → u.
Consider a scattering solution of the Hamiltonian (1),
in the form: c1,2 n = c1,2ke
ikna + r c1,2−ke
−ikna, n <
2M1; c1,2m = tc1,2ke
ikma , m > M2 . After some alge-
braic manipulations we obtain the following expressions
for the reflection (r) and transmission (t) coefficients in
the upper band:
r = −e2ikM1−2iςa
(∆1∆2ukvk + i∆k −Uk) sin[Leff (k)k]−∆k +Uk cos[Leff (k)k]
∆1∆2ukvk sin[Leff (k)k]− (∆k + + 2iukvkUk)Uke−iLeff (k)k
, (3)
t = −e−iLeff (k)k
2iukvkU
2
k
∆1∆2ukvk sin[Leff (k)k]− (∆k + + 2iukvkUk)Uke−iLeff (k)k
, (4)
where
∆1,2 = ε
∗
1,2 − ε1,2, ∆k ± = ∆1v
2
k ±∆2u
2
k,
Uk = t2 sin[ϑ(k)] cos(ka)− t1 cos[ϑ(k)] sin(ka).
∆j > 0 (< 0) corresponds to donor- (acceptor-) like im-
purity. In (3) the effective size of the defect pair is intro-
duced.
Leff (k) = L0 −
1
k
ϑ(k), (5)
where L0 = (M2 −M1)a. Under the condition
∆1v
2
k = −∆2u
2
k (6)
∆k + and the last term in the numerator of (3) both be-
come zero and the reflection coefficient becomes propor-
tional to sin[Leff (k)k]. At Leff (k) = 0 resonance takes
place: r = 0 and t = 1. In the symmetric Peierls model
(δ = 0) the condition (6) is energy independent and be-
comes ∆1 = −∆2. In the asymmetric Peierls model the
uk and vk factors in (6) depend upon energy and the reso-
nance is observed only if the conditions (8) and Leff = 0
are satisfied at one and the same energy.
In the case
ka << 1, ϑ(k) ≈ θka << 1, (7)
which corresponds to the values of k within EMM
Leff (k) = Leff = L0−aθ then the function sin[Leff (k)k]
in (3) becomes sin[(L0 − aθ)k]. Hence at large enough
value of θ (or at small enough value of L0) such that
Leff = 0 the reflection coefficient r identically equals
zero at all values of k within the framework of EMM.
For t1 > t2 (as is the case for PA) the energy band
extrema are at the BZ boundary. The continuous (EMM)
case for such a model corresponds to small wave vectors
measured from the extremum points at k = ±π/a. It
can be shown that for such wave-vectors formulas (3), (4)
are maintained with the following modifications: hopping
integrals t1 and t2 are interchanged (parameter θ = t1/t2)
and the reflection coefficient acquires insignificant phase
factor.
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FIG. 1: Dependence of effective interdefect distance Leff (k)
on wave-vector. Curve 1 − θ = 7.1, L0 = 5; 2 − θ =
7.1, L0 = 7; 3 − θ = 7.1, L0 = 9; 4 − θ = 3, L0 = 3. Curve
5 - kLeff (k) = pi.
The dependence of the effective length Leff (k) on the
wave-vector is shown in Fig. 1. The parameter θ is usu-
ally accepted to be 7.1 in band-structure calculations for
PA [3]. In group IV elements and A3B5 compounds this
parameter varies from 2 to 3 [1, 5].
To understand the physical nature of the described
phenomenon consider continuous case where a point de-
fect can be reproduced by a δ-function potential. For two
δ-functions located at points x1 and x2 it can be shown
that in continuous EMM the reflection coefficient r ex-
actly matches the result (3) in the case (7) with Leff (k)
being replaced by x2 − x1. For equal in magnitude and
reverse in sign δ−potentials r exhibits usual virtual state
resonance at k(x2 − x1) = π but it becomes identically
zero if and only if x1 = x2. Hence the analogous behavior
of the reflection coefficient in the discrete model (1) can
be interpreted as if the effective size of defect pair in the
continuous case is determined not by real physical defect
separation L0, but rather by the effective length Leff (k)
(5), which can undergo collapse at certain values of the
parameters.
3One-dimensional objects with r ≡ 0 (reflectionless po-
tentials) are known in physics [6, 7]. However the trans-
mission coefficient of a reflectionless potential possesses
a nonzero phase-factor: t = eiφ. The phase φ is deter-
mined by the location of scattering amplitude poles in the
complex wave-vector plane which are related to energies
of bound states. The phase of the transmission coeffi-
cient as well as the bound states can be used to detect
the existence of reflectionless potential. The potentials
with zero effective size described in the present paper are
much more hidden objects. The transmission coefficient
t (4) at the condition Leff (k) = 0 (at ∆+ = 0) equals
unity without any phase factor. Bound states don’t exist
either: it can be shown that dispersion relation for bound
state energy r−1(k = iκ) = 0 has no nontrivial solutions
at Leff (k) = 0. Hence HDP are completely invisible
in the long-wave-length case. In this case they appear
as structureless homogeneous medium and in this sense
they have no optical analogue. On the other hand analo-
gous objects can be constructed in photonic crystals with
dielectric permitivity periodically varying in space. Tak-
ing into account deviations from continuous case (non-
parabolicities) HDP manifest themselves as broad reso-
nances at anomalously low energies.
Consider two defects located at equivalent lattice sites
M1 andM2 (e.g. both occupied in a host lattice by atoms
of sort 1) with energies ǫ∗1 = ǫ1 + ∆1 and ǫ
∗
2 = ǫ1 + ∆˜1
respectively. It can be shown that the reflection coeffi-
cient r˜ in this case can be obtained from the expression
(3) with the following substitutions:
r˜(k) = r(k,∆2uk → ∆˜1vk, Ukvk → Ukuk, Leff (k)→ L0).
(8)
The main difference between (8) and (3) is that in (8) the
effective length Leff (k) is replaced by the physical mi-
croscopic length L0 = (M2−M1)a. Hence any anomalies
related to the possible collapse of a defect pair in the
continuous case are absent.
The square modulus of the reflection coefficient |r|2 in
the symmetric Peirls model with antisymmetric defect
potential as a function of wave-vector is shown in Fig.2.
The parameters of curve 4 satisfy the condition L0 = θ of
exact defect pair collapse in macroscopic case ka << 1.
In this case r(k = 0) = 0. All the other curves become
unity at k → 0. From Fig.2 one can see that even in
the model where Leff (k) doesn’t become zero (curve 3)
the decrease of the effective defect pair size results in the
formation of a pronounced minimum in the r(k) curve at
small energies. The parameters for curve 5 are the same
as for curve 2 except for location of right atom which is
shifted half a lattice period to the right. The resonance
observed in curve 3 at ka = 0.495 is a virtual state reso-
nance corresponding to the intersection of curves 3 and 5
in Fig.1. The resonance in curve 5 is also a virtual state
resonance at k = π/L0 (L0 = 8a).
The results obtained above mean that the location of
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FIG. 2: Dependence of reflection coefficient on wave-vector
in SPM with δ = 0, t1 = 3.2eV (t1 > t2). For curves 1-4 other
parameters and labeling are the same as in Fig.1. Curve 5
corresponds to pair of defects at equivalent lattice sites (8),
θ = 7.1, L0 = 8a.
the defect in continuous model can essentially differ from
its physical microscopic position. The description of a
point defect in the continuous regime is a particular case
of an interface description. An interface can be charac-
terized in continuous EMM by means of a transfer matrix
Tˆ which connects wave functions and their derivatives on
both sides of the interface located at x0 [8, 9]:(
ϕ
∇ϕ
)
+
= Tˆ
(
ϕ
∇ϕ
)
−
=
(
T11 T12
T21 T22
)(
ϕ
∇ϕ
)
−
(9)
The parameters of the transfer matrix Tˆ can be cal-
culated using an extrapolation of the site amplitudes at
the interface location [8, 10]. More rigorously the off-
diagonal elements of Tˆ can be calculated in a pseudopo-
tential model [11]. However to get information about
the precise location of the interface you should use an-
other approach. Let’s express the scattering data (r and
t) as a power series in wave-vector for both an EMM
with boundary condition (9) and a microscopic model.
Within the EMM take only terms up to the first order
of magnitude. Equate the coefficients at the terms of the
same order in micro- and macroscopic case and obtain the
transfer matrix parameters from the scattering data for
microscopic model. You can also deduce in this way the
interface location x0 which enters the equations for scat-
tering data in linear combination with the wave-vector.
In particular T21 can be obtained from the expression for
the transmission coefficient at zero wave-vector of the in-
cident wave: T21 = −2ikt
−1
k→0. It can be shown that for
a heterointerface of two different materials and nonzero
(and not small) T21 in (9) the number of unknown pa-
rameters is greater than the number of equations result-
ing from the extraction procedure. Hence the interface
location x0 can’t be determined. The situation is differ-
4ent for a solitary defect. In this case T11 = T22 = 1 and
the number of unknown parameters is reduced. Let the
defect in microscopic model be located at site M1, which
we choose as a coordinate origin: x0 = M1a+∆x0. De-
composition of the reflection coefficient in EMM (9) for
the plane wave eik(x−δ) (δ - phase factor) incident from
the left in terms of the transfer matrix parameters then
takes the form:
r ≈ −eikM1a[1 + 2ik(
1
T21
+∆x0 − δ) + ...]. (10)
The reflection coefficient r in the microscopic model 1 for
the defect replacing atom 1 of host material is:
r = −e2i(kMa−ς1)∆1vk/(∆1vk − 2iukUk), (11)
where the parameters ∆1, uk and Uk are the same as in
(3). From the expression for the transmission coefficient
one gets T21 = (v0∆1t1)/(u0(t
2
2 − t
2
1)a) (here we assume
t2 > t1). Comparison of (10) with the decomposition of
(11) in powers of ka provides for the location of the de-
fect: x
(1)
01 − δ = M1a− ς1. The same procedure repeated
for the defect replacing the type 2 atom located at siteM2
gives: x
(2)
02 − δ = M2a − ς2. Subtracting x
(2)
02 from x
(1)
01
eliminates the unspecified parameter δ and obtains for
the effective length Leff = x
(2)
02 − x
(1)
02 = (M2−M1− θ)a
- the same expression as (5) in the case (7). If both
atoms are in equivalent positions then their effective sep-
aration in the continuous case exactly coincides with
their real physical separation in the microscopic model
x
(1)
02 − x
(1)
01 = (M2 −M1)a. This fact explains the radi-
cal difference between the reflection coefficients of defect
pairs (3) and (8) when their sizes differ only by half a lat-
tice period. The unknown constant - phase factor δ can
be determined by applying an extraction procedure to
the heterointerface. In this case additional information
can be obtained from the decomposition of r′ in pow-
ers of wave-vector (r′ is the reflection coefficient for the
wave incident from the right). As a result you obtain
δ = (ς1 + ς2)/2 and x
(1,2)
0 = Ma ± θ/2. Therefore de-
fects located at equivalent (nonequivalent) sites shift in
macroscopic picture in the same (opposite) direction(s).
∆3 and ∆4 states in group IV and A3B5 semiconductors
differ by the sign of θ. Hence the collapse of a defect pair
for the ∆3 states will be accompanied by a doubling of
the effective defect pair size for the ∆4 states and vice
versa.
The physical nature of the described effect lies in
the space-inversion asymmetry of the model (1). This
microscopic asymmetry causes asymmetric wave func-
tion distortions (with respect to the distribution of
wave-function in the virtual reference symmetric model).
Within the framework of continuous EMM approach con-
densed matter objects are structureless entities and their
description is the same for both symmetric and asymmet-
ric microscopic models. Hence the only way to describe
these microscopic asymmetric distortions in the continu-
ous case is to shift the location of the defect in respect
to its position in the reference symmetric case.
To conclude, the extended microscopic object invisi-
ble in low-energy electron scattering - HDP - was con-
structed. Favorable conditions for the formation and ob-
servation of an HDP can be provided by electrical anneal-
ing: prolonged current transmission. The association of
separate defects into an HDP results in a local decrease
of resistivity. In regions with smaller HDP concentration
and higher resistivity Joule heat would enhance diffusion
which helps HDP formation with subsequent reduction
of resistivity and diffusion in this region. Finally the
whole specimen can transform into HDP enriched phase.
These pairs can be distributed chaotically and form a dis-
ordered conductor without localization (a hidden defect
structure). Anomalous macroscopic behavior of scatter-
ing data results from the underlying spatial asymmetry.
This scenario seems to be quite universal and proposes a
variety of ”invisible” objects to exist in condensed mat-
ter. Another objects of this type are a quantum well in
the model (1) with foreign atoms at the heterojunctions
and a defect pair in the generalized Kronig-Penney model
without center of inversion, which will be described in a
separate paper.
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